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INTRODUCTION 
An operator on L’(X, m) where X is the unit interval and m is Lebesgue 
measure is called a doubly stochastic operator if (i) rfa O whenf’a 0 (i.e., 
T is positive), (ii ) Tl = 1 and (iii) 1 Tf dm = j f’ C/W!. Condition (iii) declares 
1t1 is an invariant measure under T. The study of doubly stochastic 
operators has a rich history [3-5, 9, 10, 20, 23, 24, 331 and has touched a 
wide range of mathematical areas. 
Any such operator T may be identified with a Markov process having 
the transition function P(s. B) defined as Txs(s). Moreover, any such 
Markov transition function defines a doubly stochastic operator. For this 
reason, these operators are often called Markov operators with Lebesgue 
measure invariant [33]. It can also be shown that every such operator 
defines and is defined by a joint probability measure on the unit square 
whose marginal measures are equal [4, 301. Therefore, considerable atten- 
tion has been paid to the concept of invariant measure for operators [ 1, 6, 
27. 30-32-j. Other fields such as learning theory. regression analysis, 
matching theory, and combinatorics have involved these ubiquitous 
operators and measures [8-10, 17, IS]. 
The direction of study we wish to follow in this paper is one which has 
its origin in Hardy, Littlewood, and Polya’s work on rearrangement of vec- 
tors [ 111 and in the pioneering work of Birkhoff and Von Neuman on 
extreme points in the convex set of doubly stochastic matrices [3]. 
J. V. Ryff [ 19-211 developed a series of articles concerned with orbits 
Q(f) = { cfi T doubly stochastic 1, of functions f in L’. These subsets of L’ 
are compact, convex sets. Ryff proved that the extreme points of Q(f’) are 
the functions which are equimeasurable to .f [20]. The results incorporate 
results from the theory of decreasing rearrangements of f [7, 163. It was 
shown in [21] that, if g is extreme in Q(f), then there-is an operator T 
which is an extreme point in the convex set of doubly stochastic operators 
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and Tf = g. The following question was then posed: if T is extreme, must 
there always exist a functionf, other than constants, for which f and Tf are 
equimeasurable? That is, if T is fixed and f varies over all non-constant 
functions, will Tf ever be extreme in the related S(f )? In [25], it was 
shown that for Tf to be equimeasurable to A the operator T must map the 
characteristic function of (x: f(x) > u} to the characteristic function of 
{s: Tf (s) > a ). The problem now becomes: 
Determine whether or not every extreme doubly stochastic operator 
maps some non-trivial characteristic function to a characteristic 
function. 
The original problem was posed in [28], where it was shown that for 
any given extreme operator T there exists a set B of positive measure for 
which m (x: Txe(x) = 1 > > 0. The most notable progress toward a solution 
of the problem was made by Ryff in [22]. In this excellent paper Ryff 
suggests a possible construction to show that operators do exist which are 
extreme and for which Txs is not a characteristic function for any B, 0 < 
m(B) < 1. Basically, the idea is to choose measure preserving functions 4 
and I/ of [0, l] onto [0, 1 ] and a correct measurable function f, 
0 6 f(s) 6 1, so that the desired operator is 
Tg(x)=f(-y) T,g(.u)+ Cl -f(x)1 T,g(.v) 
=f(.\‘) g(0)) + (I -f(s)) g($Lx)). (1) 
Such “random” convex combinations have also been studied in [7, 17, 
27, 311. Although conditions are suggested in [22] which might produce 
such an operator, the question remained unsolved. 
It is the purpose of this paper to solve the problem by constructing a set 
of operators which are extreme doubly stochastic operators and which 
carry no characteristic function to a characteristic function. 
1. A CONSTRUCTION OF SOME DOUBLY 
STOCHASTIC OPERATORS 
We shall use techniques introduced in [15] and [27] to construct an 
operator which has a form similar to the operators (1) suggested by Ryff, 
which is extreme and which carries no characteristic function to a charac- 
teristic function. To this end, let 4 be a Lebesgue measure preserving 
transformation of [0, +] to [0, $1. Consider linear operators on L’(X, m) 
defined by 
M-x) =fb) Ad-u)) + (1 -f(x)) g(.x + j,, x E [O, $1 
=(l-f(x-i))g(x-f)+f(x-i)g(x), XE (i, 11. (2) 
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These operators may or may not be doubly stochastic. The attempts to 
construct new doubly stochastic operators are legion and the difficulty 
legend. Our first result is to characterize which Q andf combinations make 
the operators, of the form (2), doubly stochastic. Let us denote the set of 
doubly stochastic operators by M. 
DEFINITION. .fm is the measure .fm(A)=S,~f‘(x)m(d.~) defined on 
Lebesgue subsets of [0, 41. 
THEOREM 1. Let T he defined as in (2). T is in M if and on/~9 if 
0 <f(x) d 1 and c$ is an .fm-measure preseroing transformation. 
Proqf: Suppose T defined by (2) is in M. Then for XE [0, $1. 
O< TxcO,, ,2,(x) =-f’(x) and 06 TX,, >,,,(x) = 1 -f(x). We now have that 
06 f(x)< 1, .YE [0, 41. For any measurable subset of [O,:]. call it A, we 
have 
= jt: *f(.~)X,(d(.~))dn~+~~’ [l -.f(s)] xA(x)dm 
=,/ln(qV’A)+m(A)-.fnz(A). 
We may now conclude that fm(&'A) = fm(A) or that q4 is .fm-measure 
preserving. 
Conversely, assume 0 6 f(x) < 1 and that fm(d ~ ‘A) = fm( A ) for all 
measurable subsets of [0, i]. We need to show that T defined by (2) has 
the three properties of a doubly stochastic operator. Since 0 6 f(x) < 1, 
Tg(.u) 3 0 whenever g(.u) 2 0. Also, Tl = 1 is obvious for every T defined by 
(2 ). Finally, if A c [0, $1, then 
I 
I 
W(x) dm = 
0 
/i"f(x) am) dm +j:,, Cl -.f(x- iI1 XAX- +) dm. 
SO 
j’ Tx,dm=.fm(&‘(A))+ jL2(1-f~.~~~x1()dm 
0 0 
=fm(A)+m(A)-fm(A)=m(A). 
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Similarly, for A c [+, 11, we have 
i“ TXa(x)dm=[‘i2 [I -f(x)] xJx+;)dm+jl f(x-f)&(X)drn 0 0 I2 
= 1’ Cl-f(.~-t)lr,l(x)dm+j’ f(.x-$)XA(x)dm 
-1 2 I? 
I 
= 
I X/&~)m(dx)=m(A). I:2 
Thus T is in M. 
An interesting note is that if we are given q5 which is m-measure preserv- 
ing on [0, 41, there may be many different f which will produce a T in M. 
PROPOSITION 1. If fj is a given m-measure preserving map of [0, $1 onto 
[0, j], then each 0 d f(x) d 1 on [0, +] such that ~+3 is fm-measure preserving 
defines a unique operator T in M having the form in (2). 
Proof Let f, induce T, and f2 induce T, as in (2), both in M, and let 
f,#fi on A,nz(A)>O. We have 
T,x/,(-x) =f,(-Y) x.4(.x) Zfz(-y) x.&y) = T,x,G), .YE A. 
Clearly, if f, =,f2 on [0, f], then T, = Tz. 
Now define K(d) as the subset of M related to the m-measure preserving 
4, i.e., T, is in K (4) if and only if T/- is defined by (2) where 0 6 f(x) 6 1 
and 4 is fm-measure preserving. 
PROPOSITION 2. K(d) is an extremal subset of M. 
Proof: Recall that a subset of a convex set is extremal by definition if 
given Tin the set and T= tT, + (1 - f2) T,, t E (0, I), then T, and T2 are in 
the subset. So for T1.~ K(d) assume that c{= tT, + (1 -t) T,. We wish to 
show that T, and T, are in K(d). Recall TixA(s) = Pi(x, A) is a Markov 
transition function [18], and Pi(.u, .) is absolutely continuous to P(x, .) 
associated with T,. Furthermore, P(x, . ) is atomic with point mass at b(x) 
and x + 4 for x E [0, 41 and at x - t and x for x E (i, 11. Thus Pj(x, . ) are 
both atomic with no more points of mass than P(x, .). If we weight d(x) 
withfi(x), then x + + must have weight 1 - fi(x) for x E [0, +I. Similarly, we 
may weight x-i with 3,(x) and x with 1 -fi(x) for XE [i, 11. We may 
then write 
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where O<,f,<l and O<l,<l. For Ac($, 11, we see that 
m(A) = j’ T&(X) dm = jb”’ Cl -L(x)1 x,4(.x + t) dm 
0 
=m(Al+j (&.u)-f;(si(-t-&))dm. 
.A 
So JA [x(x)-.f;(.x-- $)I dm=O for every AC (t, l] which implies x.(s)= 
.h(x - i) m-a.e. on (4, I]. Thus T, and Tz are defined by (2), so K(4) is 
extremal. 
Brown proved [4] that A4 is compact in the weak operator topology. If 
T, is a net in K(4) which converges in the weak operator topology to T, it 
is clear that T is in K(b) and therefore K(d) is a compact convex extremal 
subset. This guarantees that K(d) contains at least one extreme point of 
M [26]. 
2. EXTREME OPERATORS AND THE SOLUTION TO THE PROBLEM 
We characterize the extreme points for certain K(d) and show that any 
such extreme doubly stochastic operator carries no non-trivial charac- 
teristic function to a characteristic function. 
THEOREM 2. Let T be in K(d). T is extreme in M [f and onl>l [f,for each 
measurable set A in [0, i] for nhich d ‘A = A (fm-a.e. ) and fm( A) > 0, rt,e 
have 
ess supf’(.u) = 1. 
-1 
Proof: Assume that the set ‘4 is as described. If f(x) d 1 - c m-a.e. on A 
with 0 < c < $, we let 
fl(,K) = Cl + &X&)1 f(-K) 
and 
.f,(X) = [1 -&L&)1 f(-Kb 
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Observe that 0 <f, < 1 and 0 <f2 6 1, and that for Bc [0, i], 
=fm(d-‘B)+ &fmb#-‘(Bh-‘(4) 
=.fm(B) + &fm(BnA)=f,m(~). 
Similarly, 4 preserves fim. Let T, and T2 be the operators in K(4) 
associated with f, and fi, respectively. Since 
f = i(f I + f, 1, 
we have that 
T= $(T, + Tz). 
Therefore, T is not extreme. 
Conversely, let T= +( T, + T,) for some T, # T, in M. Since we have that 
K(d) is extremal, T, and T, are in K(d). Then there are functions f, and fi 
associated with T, and T, for which f = f(f, +f2), f, # fi. Observe that 
f,m and fim are absolutely continuous with respect o fm and as such have 
different Radon-Nikodym derivatives and 
fm=~(f,m+fim)=~(g,+g,jfm. So f(g,+t>)= 1 (.fm-ti:). 
Then 
Thus, 
(g, > 0) has positive fm-measure for some a > 1. 
We claim &‘jg, >a) = (g, >a) and ess sup(g,,uj f(x)< 1. First 
observe that since 4 is both fm-measure preserving and m-measure preser- 
ving, we have 
[ f(&x)) m(d.x) = fm(d-‘B) = fm(B) =sAf(x) m(d.u) 
‘B 
for all measurable B c [0, $1. Hence, f(q5(x)) = f(x). Furthermore, 4 is f, m- 
and fZm-measure preserving, so f,(4(x)) = f,(x). Finally, g,(&x)) 
f(d(-~jj=f,(&jj, giving g,(d(xjjf(-xj=f,(x)= g,(xjf(xj. Consequently, 
g,($(x)) = g,(x). This all implies that 
{x: g,(x) > u} = {x: g,(qqx)) >a) 
=(L-‘{x: g,(x)>u} (fm-a.e.). 
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We have, for x in (g, >a}, 4f(x)<g,(~)f(~)=f,(.~)~ 1 soJ‘(x)< l/a< 1 
on {g,>ai. 
As our final result before producing the solution to the problem we show 
how one may construct a large class of extreme doubly stochastic 
operators. 
PROPOSITION 3. Let $ he a measure preserving transformation of [0, 1 ] 
to [0, l] for which II/ ‘A = A only if m(A) = 0 or 1; i.e., $ is ergodic. Let g 
he a monotone function mapping [0, 1 ] onto [0, $1 whose inverse has a boun- 
ded derivative. Iff(x) = Idg-‘(x)/d x, and ifd(?r)=g,jICI~g~‘(-U), then $ is 1 
jk-measure preserving on [0, f]. 
Proof: Let A c [0, +I. 
.fw~(&‘A)=jd 2Xc+&),f(.Y)d~Y 
s I = I,,, -ly-l,.4,(u) m(du) 0 
=m[t+~‘(g~‘(z4))] =m(g-‘(A)) 
-1 
= x,+,(gb-)) m(d.x) 
‘0 
s 
1,‘2 
= xA(-x)f'(-x) 4dx) =fmM). o 
We observe that the proof is valid for f(x) = (l/M) Idg-‘(x)/dxl where 
Idg-‘(x)/dxl d M. This guarantees that 0~ f(x)< 1, cj is fm-measure 
preserving, and ess SU~~~,,,,~, f(x) = 1. Since the empty set and [IO, +] are 
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the only C$ invariant sets, up to sets of measure zero, the operator in K(b) 
induced by f is extreme. 
Solution. The extreme operator T in K(d) constructed above has the 
property that 
implies A is empty or [0, 11, up to sets of Lebesgue measure zero. 
Proof Suppose TxA = xe and m(A) > 0, where T is in K(b) and con- 
structed as above. Let A=A,uA, where A, = A A [0, +] and 
A, = An ($, 11. Since Tx((x) = 0 or 1, we have, for .YE (t, 11, TX,.,(X) = I if 
andonlyifxEA,andx-~EA,.S~A~=A,+t.ForxE[O,~],TX,~(x)=l 
if and only if cj(.x)~A, and x+f~A,, that is, &x)EA, and 
-YEA,-;=A,. Thus c,-*(A,)=A,. Then A, is 4 invariant and must be 
essentially [0, t] and so A is [0, 11. 
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